Abstract. A ring R is called semiregular if R/J is regular and idempotents lift modulo J, where J denotes the Jacobson radical of R. We give some characterizations of rings R such that idempotents lift modulo J, and R/J satisfies one of the following conditions: (one-sided) unitregular, strongly regular, (unit, strongly, weakly) π-regular.
Introduction
Throughout this paper, R denotes an associative ring with identity, and all modules are unitary right R-modules.
Recall that an element a of a ring R is called regular if there exists b ∈ R such that a = aba. R is said to be (von Neumann) regular if every element of R is regular. R is called semiregular if R/J is regular and idempotents lift modulo J (i.e., if, whenever a 2 − a ∈ J, there exists e 2 = e ∈ R such that e−a ∈ J), where J = J(R) denotes the Jacobson radical of R. The well-known characterization of a semiregular ring can be given as follows: Theorem 1.1 ([20] , [21, Theorem 28] ). The following are equivalent for a ring R :
(1) R is semiregular. (4) For any a ∈ R, there exists an idempotent e ∈ aR such that (1 − e)a ∈ J.
(5) For any a ∈ R, there exists an idempotent e ∈ Ra such that a(1 − e) ∈ J. (6) For any a ∈ R, R/aR has a projective cover. (7) For any a ∈ R, R/Ra has a projective cover. When these conditions hold, (8) eRe is semiregular for every e 2 = e ∈ R. (9) R/I is semiregular for every ideal I of R.
In the following proper implications, we see the rings close to regular. Their definitions can be found in the text. strongly regular ⇒ unit-regular ⇒ one-sided unit-regular ⇒ regular ⇒ weakly regular, strongly regular ⇒ strongly π-regular ⇒ unit π-regular ⇒ π-regular ⇒ weakly π-regular.
In this article, we investigate rings close to semiregular by the motivation of the characterization of semiregular rings and the rings mentioned above.
We call a ring R semi ( * )-regular if idempotents lift modulo J, and R/J satisfies ( * ), where ( * ) is (one-sided) unit-regular or strongly regular or (unit, strongly, weakly) π-regular.
In Section 2, we give several characterizations of semi (one-sided) unitregular and semi strongly regular rings. We prove among other things that R is semi one-sided unit-regular if and only if there exists a complete orthogonal set {e 1 , . . . , e n } of idempotents of R such that all e i Re j are semi one-sided unit-regular.
Section 3 is concerned with π-regularity. We give some characterizations of semi strongly π-regular and semi unit π-regular rings as in Section 2. Also, we consider a generalization of weak π-regularity and investigate the relationship between this generalization and semi weak π-regularity. In addition, we obtain a characterization of a ring R such that R/J is Eulerian and idempotents lift modulo J, among others. Furthermore, we show that some rings, we are interested in, coincide if the ring is abelian or right quasi-duo. Although semi π-regular rings are exchange rings, semi weakly π-regular rings need not be exchange rings. We give an example in order to support this fact.
Following Crawley and Jonsson [11] , a module M is said to have the (full) exchange property if for any module X and decompositions . If this condition holds for finite sets I (equivalently for |I| = 2), the module M is said to have the finite exchange property. Warfield [25] calls a ring R exchange if R has the exchange property as a right Rmodule. Also, it is proved in [25] that the notion of exchange rings is left-right symmetric.
Semi (one-sided) unit-regular, semi strongly regular rings
In this section, we give some characterizations of semi (one-sided) unitregular and semi strongly regular rings. We begin with unit-regularity. An element a of R is called unit-regular if there exists a unit u ∈ R such that a = aua. R is called unit-regular if every element of R is unit-regular.
Recall that a ring R is said to have stable range 1 if, for any a, b ∈ R satisfying aR + bR = R, there exists y ∈ R such that a + by is a (right) unit [24] . We know from [12] that unit-regular rings have stable range 1. Also, R has stable range 1 if and only if R/J has stable range 1 by [24] . If R has stable range 1, then every regular element is unit-regular by [12, the proof of Proposition 4.12] or [4] . The converse is true if R is an exchange ring [4, Theorem 3] .
Chen [8] calls a ring R strongly stable if, whenever aR + bR = R, there exists w ∈ Q(R) such that a + bw is unit in R, where Q(R) = {x ∈ R : ∃e − e 2 ∈ J and a unit u such that x = eu}.
The following theorem states several characterizations of semiregular rings with stable range one or semiregular strongly stable rings.
Theorem 2.1. The following are equivalent for a ring R :
(1) R/J is unit-regular and idempotents lift modulo J.
(4) For any a ∈ R, there exist an idempotent e and a unit b in R such that e ∈ aR, (1 − e)a ∈ J and ba − (ba) 2 ∈ J. (5) For any a ∈ R, there exist an idempotent e and a unit b in R such that e ∈ Ra, a(1 − e) ∈ J and ab − (ab) 2 ∈ J. (6) For any a ∈ R, R/aR has a projective cover and R/aR ∼ = r R (a) as right R-modules, where R = R/J and r R is the right annihilator. Proof.
(1) ⇒ (2) Since R/J is unit-regular, it has stable range 1. This implies that R has stable range 1 and hence every regular element of R is unit-regular. By Theorem 1.1, (2) holds.
(2) ⇒ (1) It is obvious.
(1) ⇔ (3) Similar to that of (1) ⇔ (2).
(1) ⇒ (4) Let a ∈ R. Then there exists a unit b in R such that a − aba ∈ J. So ba − (ba) 2 ∈ J. By hypothesis, there exists an idempotent f ∈ R such that f − ba ∈ J. Then 1 − f + ba = u is a unit in R. If we let e = au −1 f b, then we obtain that e 2 = e ∈ aRb. Since u + J = u = 1, we have that af = aba = a. This implies that a − ea = 0. Hence, (1 − e)a ∈ J.
(4) ⇒ (1) Let a ∈ R. Choose e and b as in (4) . Since e ∈ aR = aRb, R is semiregular by Theorem 1.1. Let e = arb, where r ∈ R. Since (1 − e)a ∈ J, a = ea = arba. Multiplying this equation by ba from the right, we have aba = a, where b is a unit. Hence, R/J is unit-regular.
(1) ⇔ (5) Follows from the symmetry of the condition (1).
(1) ⇔ (6) It is well-known that R is unit-regular if and only if aR is a direct summand of R and R/aR ∼ = r R (a) as right R-modules for every a ∈ R.
(1) ⇔ (7) Follows from the symmetry of the condition (1 We call an element a ∈ R semi unit-regular if a satisfies the condition (2) of Theorem 2.1. A ring R is called semi unit-regular if R satisfies one of the equivalent conditions of Theorem 2.1 (see also [5] ). Also, Chen calls this class of rings unit semiregular in [8] . In the following we see a semi unit-regular ring but not (unit-)regular. 
Then a 2 0 = a 0 and this yields that a 0 = 0 or a 0 = 1.
These imply that idempotents lift modulo J.
The following are easy consequences of Theorem 2.1. Proof. Let I be an ideal of R and a ∈ R/I. By Theorem 2.1, there exists a unit- If R is an exchange ring, then R has weak stable range 1 if and only if every regular element of R is one-sided unit-regular by [18] and [27] .
A ring R is called directly finite if all one-sided inverses are two-sided, i.e., if ab = 1 for any a, b ∈ R, then ba = 1. Hence, R has stable range 1 if and only if R has weak stable range 1 and is directly finite.
As we mentioned before, it is known that a ring R has stable range 1 if and only if R/J has stable range 1. A similar result holds for rings which have weak stable range 1: 
Let u be in R such that (ax + b)u = 1. By hypothesis, there exists y ∈ R such that a + buy is a one-sided unit. Hence, a + buy is a one-sided unit.
(⇐) Let a, b, x ∈ R such that ax + b = 1. Since R has weak stable range 1, there exists y ∈ R such that a + by is a one-sided unit. Assume that a + by is a right unit. Then there exists u ∈ R such that 1 − (a + by)u ∈ I ⊆ J. This implies that a + by is a right unit. Proof. Let a, b, x ∈ S = eRe such that ax+b = e. Then aS +bS = S. Consider a+1−e and b in R. Since (1−e)S = 0, we have e ∈ aS +bS ⊆ (a+1−e)R+bR.
Hence, we have (a+1−e)R+bR = R. Let y, z ∈ R such that (a+1−e)y +bz = 1. There exists t ∈ R such that (a+1−e)+bzt is a one-sided unit. Assume that it is a right unit.
This implies that S = (a + bzte)S. Hence, there exists an element y ∈ S such that a + by is a right unit. Similarly, if (a + 1 − e) + bzt is a left unit in R, then there exists an element y ∈ S such that a + by is a left unit. □
The next theorem characterizes semiregular rings with weak stable range 1.
Theorem 2.8. The following are equivalent for a ring R: (1) R/J is one-sided unit-regular and idempotents lift modulo J. (2) For any a ∈ R, there exists a one-sided unit-regular element
(4) R is a semiregular ring with weak stable range 1.
(5) For any a ∈ R, there exist a one-sided unit b ∈ R and an idempotent e ∈ aRb such that (1 − e)a ∈ J and ba − (ba) 2 ∈ J. (6) For any a ∈ R, there exist a one-sided unit b ∈ R and an idempotent e ∈ bRa such that a(1 − e) ∈ J and ab − (ab) 2 ∈ J.
Since R is semiregular, R/J is an exchange ring by [25, Theorem 3] . Hence, by [18] and Corollary 2.6, R has weak stable range 1. Again by [18] , every regular element of R is one-sided unit-regular in R. Hence, by Theorem 1.1, (2) holds.
(1) ⇒ (4) By the proof of (1) ⇒ (2), R has weak stable range 1. (4) ⇒ (1) By [18] and [27] , every regular element is a one-sided regular element.
(1) ⇔ (5) and (1) ⇔ (6) can be seen by a proof similar to that of (1) According to [9, Theorem 3.5] , R is semi unit-regular if and only if there exists a complete orthogonal set {e 1 , . . . , e n } of idempotents of R such that all e i Re j are semi unit-regular. We show that a similar result is also valid for semi one-sided unit-regular rings. Before proving this result we need the following lemma.
Following [27] , a module M is said to satisfy outer weak cancellation
and hence there exists a splitting epimorphism α : K → Kerf ⊕ L, because M 2 satisfies outer weak cancellation. Thus, πα : K → L is a splitting epimorphism, where π is the projection from Kerf ⊕ L onto L. □ By induction we obtain the following result.
In [18] , it is proved that if M has the finite exchange property, then M satisfies outer weak cancellation if and only if End R (M ) has weak stable range 1. Considering this fact, we now prove the result mentioned above. In the final part of this section, we consider strongly regular rings. A ring R is called strongly regular if, for any a ∈ R, there exists x ∈ R such that a = a 2 x (see [2] ). A ring R is called abelian if all idempotents of R are central. It is well-known that R is strongly regular if and only if R is regular and abelian, if and only if R is unit-regular and abelian, if and only if, for any a ∈ R, there exist an idempotent e and a unit u in R such that a = eu and eu = ue.
According to Nicholson and Zhou [21] , idempotents lift strongly modulo J if, whenever a 2 − a ∈ J, there exists e 2 = e ∈ aR (Ra, aRa) such that e − a ∈ J. They prove that if idempotents lift modulo J, then they lift strongly modulo J [21, Lemma 5] . Now we have the following result.
Theorem 2.14. The following are equivalent for a ring R:
(1) R/J is strongly regular and idempotents lift modulo J.
(2) For any a ∈ R, there exist a unit u and an idempotent e in R (resp. in aR) such that a − eu ∈ J and eu − ue ∈ J.
(3) For any a ∈ R, there exist a unit u and an idempotent e ∈ aR such that (1 − e)a ∈ J and ua = au is an idempotent of R/J.
(4) For any a ∈ R, there exist a unit u and an idempotent e ∈ Ra such that a(1 − e) ∈ J and au = ua is an idempotent of R/J.
where e is an idempotent and u is a unit. Since R/J is abelian, eu − ue ∈ J.
(2) ⇒ (1) If u is a unit and e is an idempotent, then eu is unit-regular. Hence, by Theorem 2.1, idempotents lift modulo J. By the characterization of a strongly regular ring written above, R/J is strongly regular.
(1) ⇒ (3) Let a ∈ R/J. Since R/J is strongly regular, there exist an idempotent e and a unit u in R/J such that a = eu and eu = ue. It follows that a = ea and au = ua is an idempotent of R/J. Since e = au −1 and idempotents lift strongly modulo J, e can be assumed to be an idempotent in aR.
(3) ⇒ (1) By Theorem 2.1, idempotents lift modulo J. Let a ∈ R/J. Choose e and u as in (3) . Then there exists r ∈ R such that e = aru. We obtain that a = ea = arua and so aua = arua = a = a 2 u. Hence, R/J is strongly regular. (1) ⇔ (4) Follows from the symmetry of the condition (1) . □
We call a ring R semi strongly regular if R satisfies one of the equivalent conditions of Theorem 2.14. One can easily obtain that if Proof. Let I be an ideal of R. Since R is semiregular, R = R/I is semiregular. Therefore idempotents lift modulo J(R). Note that any homomorphic image of a strongly regular ring is strongly regular. Since R/J is strongly regular and R/J(R) is a homomorphic image of R/J, we obtain that R is semi strongly regular.
Let e be an idempotent of R. Since R is semiregular, idempotents lift modulo J(eRe). By the definition of strongly regular rings, we observe that if a ring R is strongly regular, then eRe is strongly regular for any idempotent e ∈ R. Hence, R/J being strongly regular implies that e(R/J)e ∼ = eRe/J(eRe) is strongly regular. □ A ring R is said to have unit stable range 1 if, for any a, b ∈ R satisfying aR + bR = R, there exists a unit u ∈ R such that a + bu is a unit. In contrast to Theorems 2.1 and 2.8, there exists a semi strongly regular ring which does not have unit stable range one. The ring Z 2 is semi strongly regular with stable range 1, but does not have unit stable range 1. On the other hand, M 2 (Z 2 ), the ring of 2 × 2 matrices over Z 2 , is semiregular and by [7, Corollary 4] , has unit stable range 1. But it is not semi strongly regular since it has non-central idempotents.
A ring R is called right weakly regular if B 2 = B for every principal right ideal B of R (see [23, 4.4] ). It is obvious that semi strongly regular ⇒ semi unit-regular ⇒ semi one-sided unit-regular ⇒ semiregular ⇒ semi right weakly regular (i.e., R/J is right weakly regular and idempotents lift modulo J). But none of the implications are reversible because, for example, it is known that there exists a unit-regular ring which is not strongly regular. For the last implication, there exists a right weakly regular ring with Jacobson radical zero which is not regular (see [22] ).
Semi (unit, strongly, weakly) π-regular rings
This section is concerned with π-regularity. We characterize semi π-regular, semi unit π-regular, semi strongly π-regular rings, respectively. Rings R such that R/J is eulerian and idempotents lift modulo J are also considered.
An element a of a ring R is called π-regular if a power of a is regular. A ring R is called π-regular if every element of R is π-regular. Due to [28] , an element a of a ring R is called semi π-regular if there exists a positive integer n such that a n is semiregular, i.e., a n satisfies the condition (4) (1) R is semi π-regular.
(2) For any a ∈ R, there exist a positive integer n and a π-regular element
For any a ∈ R, there exist a positive integer n and a π-regular element d ∈ a n R (resp. d ∈ a n Ra n ) such that a n − d ∈ J.
, there exist a positive integer n and b ∈ R such that b = ba n b and a n − a n ba n ∈ J. The n by n upper triangular matrix ring over a ring R is denoted by U n (R). Define D n (R) = {a ∈ U n (R) | all diagonal entries of a are equal} and
. . , n − 2 and t = 2, . . . , n − 1}.
Corollary 3.2. (1) A ring R is semi π-regular if and only if D n (R) is semi π-regular if and only if V n (R) is semi π-regular. (2) A ring R is semi π-regular if and only if so is R[x]/⟨x n ⟩, where R[x] is the polynomial ring with an indeterminate x over R and ⟨x n ⟩ is the ideal of R[x] generated by x
n .
Proof. (1) The proof is obtained from Theorem 3.1 and the fact that J(D
The proof is obtained from (1) and
We know from [28] that if R is a semi π-regular ring, then so is every homomorphic image of R and so is every subring of the form eRe, where e 2 = e. It is obvious that semiregular rings are semi π-regular, but the converse need not hold by the following. The n by n full matrix ring over a ring R is denoted by Mat n (R).
Example 3.3. Let K be a field and consider a ring
is a sequence. Then R is π-regular but not regular, through well-known facts. Note J = 0. These imply that R is semi π-regular but not semi-regular.
An element a ∈ R is called unit π-regular if there exists a positive integer m such that a m is unit-regular. A ring R is said to be unit π-regular if every element of R is unit π-regular [6] .
Theorem 3.4. The following are equivalent for a ring R:
(
1) R/J is unit π-regular and idempotents lift modulo J. (2) For any a ∈ R, there exist a positive integer n and a unit-regular element
For any a ∈ R, there exist a positive integer n and a unit π-regular
For any a ∈ R, there exist a positive integer n, an idempotent e ∈ R and a unit b ∈ R such that e ∈ a n R, (1 − e)a n ∈ J and ba n − (ba n ) 2 ∈ J. (5) For any a ∈ R, there exist a positive integer n, an idempotent e ∈ R and a unit b ∈ R such that e ∈ Ra n , a n (1 − e) ∈ J and a n b − (a n b) 2 ∈ J.
Then there exists a positive integer n such that a n is unit-regular in R/J. Let u be a unit in R/J such that a n = a n ua n . Since idempotents lift strongly modulo J, there exists an idempotent e of a n R such that a n u = e. Hence, we have that a n − eu −1 ∈ J, where eu −1 is unit-regular. An element a of a ring R is called strongly π-regular if there exist a positive integer n and x ∈ R such that a n = a n+1 x and a n = xa n+1 . In [3, Corollary of Theorem 3], it is proved that a strongly π-regular element is π-regular. A ring R is called strongly π-regular if every element of R is strongly π-regular. Clearly, any strongly regular ring is strongly π-regular. Any regular element of a strongly π-regular ring is unit-regular, because strongly π-regular rings have stable range 1. Hence, any strongly π-regular ring is unit π-regular. According to [19, Proposition 1] , if R is strongly π-regular ring, then, for any a ∈ R, there exists a positive integer n such that a n = eu = ue for some idempotent e ∈ R and some unit u ∈ R. Note that R is strongly π-regular if and only if, for any a ∈ R, there exist a positive integer n and a strongly π-regular element d such that a n − d = 0. For the other characterizations we refer the reader to [23, Theorems 5.1 and 5.9].
Theorem 3.6. The following are equivalent for a ring R:
(1) R/J is strongly π-regular and idempotents lift modulo J.
(2) For any a ∈ R, there exist a positive integer n, an idempotent e ∈ R (resp. e ∈ a n R) and a unit u ∈ R such that a n − eu ∈ J and eu − ue ∈ J. (3) For any a ∈ R, there exist a positive integer n, an idempotent e ∈ a n R and a unit u ∈ R such that (1 − e)a n ∈ J and a n u = u a n is an idempotent of R/J.
(4) For any a ∈ R, there exist a positive integer n, an idempotent e ∈ Ra n and a unit u ∈ R such that a n (1 − e) ∈ J and a n u = u a n is an idempotent of R/J.
Proof. (1) ⇒ (2) Let a be in R/J. By hypothesis, there exists a positive integer n such that a n = eu = ue, where e ∈ R/J is an idempotent and u ∈ R/J is a unit. Note also that u is a unit in R. Since e = a n u −1 and idempotents lift strongly modulo J, we can assume that e is an idempotent of a n R. Then we obtain that a n − eu ∈ J and eu − ue ∈ J.
Choose n, e and u as in (2) . Then a n = a n e = a n a n u −1 = a n+1 (a n−1 u −1 ) which means that a n is a strongly π-regular element. Finally, idempotents lift modulo J by Theorem 3.4.
(1) ⇒ (3) Let a ∈ R/J. Since R/J is strongly π-regular, there exist a positive integer n and a unit u in R/J such that a n u is an idempotent and au = ua. By [21, Lemma 5 and Corollary 6], there exists an idempotent e in a n R such that e = a n u. Then clearly, a n u = u a n is an idempotent of R/J and (1 − e)a n ∈ J. (3) ⇒ (1) Let a ∈ R/J and choose e and u as in (3). We can write e = a n ru, where r ∈ R, because a n R = a n Ru. Then a n = e a n implies that a n u a n = a n . By hypothesis, a is a strongly π-regular element.
(1) ⇔ (4) Follows from the symmetry of the condition (1). □
We call R a semi strongly π-regular ring if it satisfies one of the equivalent conditions of Theorem 3.6. On the other hand, a n = d is strongly π-regular and so there exist a positive integer t and x ∈ R/J such that a nt = a n(t+1) x = a nt+1 (a nt+n−1 x). Hence, a is strongly π-regular. □ Corollary 3.8. If R is a semi strongly π-regular ring, then so is every homomorphic image of R and so is every subring of the form eRe, where e 2 = e.
Proof. Any homomorphic image of a semi strongly π-regular ring is also semi strongly π-regular by Theorem 3.6. For any idempotent e ∈ R, eRe inherits the strong π-regularity from a ring R. Hence, this fact together with [21, Corollary 6] implies that eRe is semi strongly π-regular. □ An element a ∈ R is called right weakly π-regular if there exists a positive integer n such that a n R = (a n R) 2 . A ring R is called right weakly π-regular if every element of R is right weakly π-regular [13] . Note that R is right weakly π-regular if and only if, for any a ∈ R, there exist a positive integer n and a right weakly π-regular element d ∈ R such that a n − d = 0. We consider the following generalization of weak π-regularity: ( * ) For any a ∈ R there exist a positive integer n and a right weakly π-regular
∈ J, then x is a unit and so is weakly π-regular; hence x − x = 0 ∈ J gives the result.
There exists a ring satisfying ( * ) but which is not right weakly π-regular. Let D be a division ring and R be the power series ring with an indeterminate x over D. Since R is local, it satisfies ( * ), but x n / ∈ x n Rx n R for all positive integer n. If R is right weakly π-regular, then J is nil (see [23, 4.2] ). But if R satisfies ( * ), then J need not be nil, for example the Jacobson radical of the local ring Z (p) is not nil.
Since π-regular rings are exchange, semi π-regular rings are exchange (see [30, p. 663] ). But we are able to give an example showing that a semi right weakly π-regular ring R (i.e., if R/J is right weakly π-regular and idempotents lift modulo J) need not be exchange (Example 3.17) .
In addition, we now consider another generalization of weak π-regularity. ( * * ) For any a ∈ R, there exist a positive integer n and x ∈ Ra n R such that a n − a n x ∈ N * (R), where N * (R) denotes the upper nil radical of R. Proof. Assume that R satisfies ( * * ). Let a ∈ J. Then there exist a positive integer n and x ∈ Ra n R such that b = a n − a Next, we consider rings with the property that for any a ∈ R, there exist an idempotent e ∈ R and a positive integer n such that a n − e ∈ J. It is easy to see that R/J is a Boolean ring and idempotents lift modulo J if and only if for any a ∈ R, there exists an idempotent e ∈ R such that a− e ∈ J.
An element e ∈ R is said to be a near idempotent if e n is an idempotent for some positive integer n. Following [10] , R is called Eulerian if every element of R is a near idempotent. (1) R/J is Eulerian and idempotents lift modulo J.
(2) For any a ∈ R, there exist an idempotent e ∈ R (resp. e ∈ a n R, e ∈ a n Ra n ) and a positive integer n such that a n − e ∈ J. (1) R is semi strongly π-regular. Moreover, R is not a right quasi-duo ring because of [15, Theorem 7] . □ Example 3.17. There exists a semi right weakly π-regular ring that is not exchange.
Proof. The ring R in Example 3.16 is semi right weakly π-regular. We claim that R is not exchange. It is known that a ring R is exchange if and only if R = R/J is exchange and idempotents lift modulo J. Therefore it is enough to show that R is not exchange. Let a be a non-zero element in D such that a and 1 − a are both not right unit (for the existence of such an element consider the element x in the first Weyl algebra over a field of zero characteristic). Suppose that R is exchange. Then there exists an idempotent e ∈ kR such that (1 − e) ∈ (1 − k)R, where k = ( a 0 0 a ) + J. Note that since R ∼ = D, the only idempotents in R is 0 and 1. If e = 0, then 1 ∈ (1 − k)R so (1 − k)R = R. It follows that there exists an element y ∈ R such that (1 − k)y = 1. This gives that there exists an element b ∈ D such that (1 − a)b = 1, which is a contradiction. If e = 1, then we obtain that a is a right unit in a similar way. Thus, R is not an exchange ring. □ A ring R is called a pm-ring if every prime ideal of R is maximal. The relationship between pm-rings and various generalizations of regular rings has been given by many authors (see, for example, [15, 29] ). We wonder if any semi ( * )-regular rings is a pm-ring or not. The answer is negative: Example 3.18. A semi strongly regular ring need not be a pm-ring.
Proof. Denote by U n the 2 n by 2 n upper triangular matrix over a ring S, where n is a positive integer. We construct a prime π-regular ring with the help of [17, Example 1.2 and Proposition 1.3].
Let S be a division ring. Define a map σ : U n → U n+1 by A → (
, then U n can be considered as a subring of U n+1 via σ (i.e., A = σ(A) for A ∈ U n ). Set R be the direct limit of the direct system (U n , σ ij ) with σ ij = σ j−i . Then R is a prime ring by [17, Proposition 1.3] . Since every U n is π-regular, R is also π-regular by the definition of R.
Consider the subset I = {A ∈ R | the diagonal entries of A are all zero} of R. Then I is a nil ideal of R such that R/I is isomorphic to a direct product of division rings. This implies that R/I is strongly regular and the Jacobson radical of R is I. Consequently R is semi strongly regular with J is nil.
But the zero ideal of R is prime and not maximal since I is a proper ideal of R. □
Remark. Let R be a semi right weakly π-regular ring with J nil. If R is 2-primal, then R is a pm-ring by [ 
